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ABSTRACT
We consider a modified Press-Schechter (PS) formalism to derive an extended mass
function for primordial black holes (PBHs), considering their formation by the collapse
of energy density fluctuations. Said fluctuations are assumed to obey Gaussian statis-
tics and they are obtained from a primordial power spectrum of broken power-law form
with a blue spectral index for small scales. We also develop a method for converting
existing constraints on the PBH mass fraction (relative to the total dark matter),
derived assuming monochromatic mass distributions for PBHs, into constraints ap-
plicable for extended PBH mass functions. This new method takes into account the
fact that, for any given constraining physical process (e.g., Big Bang nucleosynthesis
or microlensing), the PBH masses that are constrained correspond to a finite range of
the entire possible masses, and thus they apply to only a fraction of the total mass
encoded in an extended mass function. Furthermore, the method also accounts for the
redshift evolution of the mass function by, for example, black hole evaporation. We
use our method for placing constraints on the parameter space of our newly-derived
PS mass function, and we find that there are regions in parameter space where all the
dark matter can be made of PBHs. Of special interest is the region for M∗ of order
102 solar masses, for a wide range of blue spectral indices, as this is close to the black
hole masses detected by LIGO which are difficult to explain by stellar collapse.
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1 INTRODUCTION
In the last decades, the concordance cosmological model
that includes a cosmological constant and cold dark mat-
ter (ΛCDM) has been established to explain the growth of
large-scale structures and the late accelerating expansion of
the Universe. Under this paradigm, the dark matter (DM)
is cold and made up of non-relativistic and collisionless par-
ticles which behave as a pressureless fluid (Planck Collab-
oration et al. 2018a). There are several candidates for the
cold dark matter component, including weakly interacting
massive particles (WIMP’s, Arcadi et al. 2018; Schumann
2019), axions (Peccei & Quinn 1977; Marsh 2016), or ultra-
light axions (Hu et al. 2000; Schive et al. 2014) which can be
described by a coherent scalar field (Matos & Urena-Lopez
2001; Matos et al. 2009), among others (Feng 2010). Nev-
ertheless, there are no direct astrophysical observations or
accelerator detections of these particles and the nature of
dark matter is still unknown (Liu et al. 2017).
? E-mail: jmsureda@uc.cl
An alternative hypothesis is to consider that primor-
dial black holes (PBHs) are an important fraction (or all)
of DM (see Khlopov 2010; Carr et al. 2020; Carr & Kuh-
nel 2020; Green & Kavanagh 2020, for recent reviews). In
pioneer works, Zel’dovich & Novikov (1966) and Hawking
(1971) (see also Carr & Hawking 1974) discussed the pos-
sibility that overdensities in early stages of the Universe
could collapse forming PBHs (see also Carr 1975 for PBH
collapsing from cosmic strings). The idea of PBHs as the
nature of dark matter has regained interest with the re-
cent detection by the Laser Interferometer Gravitational-
Wave Observatory (LIGO, Abbott et al. 2016) of gravita-
tional waves produced by the merger of a pair of black holes
with masses ∼ 30M whose origin could be primordial (Bird
et al. 2016; García-Bellido 2017; Sasaki et al. 2018; Jedamzik
2020). Although the standard scenario for the PBH forma-
tion is the collapse of overdense fluctuations which exceed
a threshold value when they re-enter to the horizon, other
mechanisms involving phase transitions or topological de-
fects have been proposed for the PBH production in the in-
flationary/radiation epochs, for instance, collapse of cosmic
c© 2015 The Authors
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strings (Hogan 1984; Hawking 1989; Polnarev & Zembow-
icz 1991; Nagasawa 2005), collapse of domain walls (Rubin
et al. 2000, 2001; Liu et al. 2020; Ge 2020), bubble collisions
(Hawking et al. 1982; Kodama et al. 1982; Deng & Vilenkin
2017; Deng 2020b), and softening of the equation of state
(Canuto 1978; Khlopov & Polnarev 1980), among others.
PBHs can have any range of masses since they are not
restricted to form from dying stars. However, the minimum
possible mass of a BH can be estimated considering that
for any lump of mass m, in order to form a black hole, its
Compton wavelength, λC = h/mc, has to be smaller than
its Schwarzschild radius. This leads to the lower bound of
one Planck mass MPBH ∼ 10−5g. The upper mass could
in principle be as large as ∼ 1050g in some PBH formation
scenarios (see Carr et al. 2020; Carr & Kuhnel 2020, and
references therein).
Given that low mass PBHs can be close to their last
evaporation stages via Hawking radiation (Hawking 1974,
1975), this introduces interesting prospects for their detec-
tion (Laha 2019; Ballesteros et al. 2019). For instance it is
possible that the evaporation radiation affects the HI con-
tent of the universe at redshifts prior to the formation of the
first stars (e.g. Mack & Wesley 2008). As PBHs are at least
several orders of magnitude more massive than the most
massive particles, they would constitute an extremely cold
type of dark matter. As pointed out by Angulo & White
(2010, see also Angulo et al. 2017), the early epochs of
decoupling of neutralinos (candidates for DM) from radi-
ation makes for the possibility of dark matter haloes with
masses as low as one Earth mass. PBHs can therefore form
haloes of even lower masses (Tada & Yokoyama 2019; Ni-
ikura et al. 2019; Scholtz & Unwin 2019; Hertzberg et al.
2020a,b). These haloes of PBHs would emit radiation as
their smaller members evaporate, and this could in principle
be detected with current and future high energy observato-
ries such as Fermi and the Cherenkov Telescope Array (e.g.
Ackermann et al. 2018; Doro et al. 2013)
Estimates of the fraction of dark matter in PBHs (f)
at different mass windows can be obtained from evaporation
by Hawking radiation (Hawking 1974, 1975) and from their
gravitational/dynamical effects (see Carr & Sakellariadou
1999; Carr et al. 2016b, 2020; Carr & Kuhnel 2020). Some of
the stronger constraints for evaporating PBHs are imposed
by standard big bang nucleosynthesis (BBN) processes and
the extragalactic γ-ray background radiation (Carr et al.
2016a; Keith et al. 2020). Other bounds on f are obtained
from the gravitational lensing effects of background sources
(for instance stars in the Magellanic clouds) due to PBHs
(Green 2016; Niikura et al. 2019; Inoue 2018). Hawkins
(2020) found a low probability for the observed microlens-
ing of QSOs by stars in lensing galaxies and argued that an
intriguing possibility is the lensing by PBHs. Another limit
is provided by the capture of PBHs by stars, white dwarfs
or neutron stars (Capela et al. 2013). Recently, Scholtz &
Unwin (2019) explore the capture probability of a PBH with
∼ 10 earth masses by the Solar system as an alternative for
the hypothetical planet nine. On the other hand, a passing
PBH or PBH clumps could disrupt globular clusters and
galaxies in clusters (Carr & Sakellariadou 1999; Green 2016;
Carr & Kuhnel 2020). Although there are several observa-
tional constraints on f , most of them are for monochromatic
PBHmass distributions. These can be turned into constrains
for extended PBH mass distributions following certain sta-
tistical procedures (see for instance Carr et al. 2017; Bellomo
et al. 2018)
One of the simplest approaches to determine the PBH
mass distribution assumes that there is a characteristic scale,
λc, for the fluctuations which collapse to a PBH; i.e. the den-
sity fluctuations have a monochromatic power spectrum, and
hence all the PBHs haveM ∼Mc i.e. a monochromatic mass
function. A natural extension is to consider that PBHs form
in a wider range of masses (for instance from particular in-
flationary scalar field potentials), which was pursued by sev-
eral authors (Dolgov & Silk 1993; García-Bellido et al. 1996;
Clesse & García-Bellido 2015; Green 2016; Inomata et al.
2017, 2018; De Luca et al. 2020) and a with steep power-law
power spectrum for density fluctuations (Carr 1975).
Early works (e.g. Peebles & Yu 1970) showed that the
index n of the primordial power spectrum P (k) ∝ kn should
be close to n ∼ 1 in order for there to be homogeneity on
large scales. This primordial power spectrum is referred to
as the scale-invariant Harrison-Zeldovich-Peebles spectrum
(Harrison 1970; Zeldovich 1972; Peebles & Yu 1970) and re-
ceived further support when inflation was proposed as a pos-
sible stage of the very early Universe (Guth 1981). However,
this prevents PBHs formed by direct collapse to constitute
a sizeable fraction of the dark matter in the Universe (Carr
1975; Josan et al. 2009; Green & Liddle 1999).
Therefore, to increase the abundance of PBHs it is nec-
essary to enhance the amplitude of the primordial power
spectrum on specific scales. For instance, hybrid inflation
models can provide spectral indices greater than one, i.e.
blue spectral indices (Linde 1994). Kawasaki et al. (2013)
studied PBH formation and abundance in an axion-like cur-
vaton model with a blue-tilt (nb ∼ 2− 4) in the power spec-
trum of primordial curvature perturbations (see also Gupta
et al. 2018).
The probability distribution of density fluctuations in
the early universe, typically assumed to be Gaussian, can
also play an important role in the PBH production. Several
authors have looked into the effect of non-Gaussian distri-
butions, showing that these introduce changes in the abun-
dance (enhancement or suppression) and clustering of PBHs,
and hence they also change their allowed fraction as an en-
ergy component of the Universe (Bullock & Primack 1997;
Hidalgo 2007; Young & Byrnes 2013, 2015; Franciolini et al.
2018).
In this paper, we investigate PBH formation in a modi-
fied Press-Schechter (PS) formalism considering the collapse
of energy density fluctuations with a Gaussian probability
distribution. We show how the modified PS formalism leads
to the formation of an extended PBH mass function, start-
ing from a primordial power spectrum (PPS) of fluctuations
which has a broken power-law form, enhancing the power
on small scales. We study two different PBH formation sce-
narios dubbed fixed conformal time, where all the PBHs are
formed at the same epoch, and horizon crossing, where a
PBH is formed when the appropriate fluctuation scale re-
enters the horizon.
In Section 2, we discuss these two PBH formation sce-
narios, fixed conformal time (FCT) and horizon crossing
(HC). In section 3, we use a modified PS formalism to de-
rive an extended PBH mass function starting from a broken
power-law primordial power spectrum. The functional form
MNRAS 000, 1–22 (2015)
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of the obtained PBH mass function is described by a type
of Schechter function with a power-law slope and an expo-
nential cutoff. In section 4, we introduce a new constraint
for extended mass distributions looking at super massive
black holes and also a new statistical analysis method to
turn existing constraints on the PBH mass fraction f com-
ing from monochromatic distributions into constraints for
extended PBH mass functions. We then consider a series of
monochromatic constraints and use them to derive the cor-
responding ones for the Schechter mass functions obtained
in this work. In section 5, we show the resulting fractions
f for different choices of the Schechter function parameters,
and we show that there are regions in parameter space where
the entirety of the DM can be made up by PBHs. Finally,
in Section 6, we summarize our main results and conclu-
sions. Throughout this work we assume a flat cosmology
with Ωm,0 = 0.315 ; Ωdm,0 = 0.264 ; Ωr,0 = 9.237 × 10−5
and a Hubble constant H0 = 67.36 km s−1Mpc−1 consistent
with measurements from the Planck satellite (Planck Col-
laboration et al. 2018a).
2 FORMATION MECHANISMS FOR
PRIMORDIAL BLACK HOLES
The simplest primordial black hole formation scenario as-
sumes that all PBHs have the same mass, i.e. the PBH mass
function is monochromatic. Under this scenario, a first ap-
proach is to consider that the limiting comoving size for fluc-
tuations that manage to form PBHs is the comoving horizon
radius RH = caH(a)
1. The reasoning is that larger fluctua-
tions are not in causal contact yet, and smaller fluctuations
that had an overdensity threshold such that they could have
formed a PBH earlier, would have done so as soon as they
were able to enter the horizon.
In addition, for a fluctuation to be able to form a BH,
its Schwarzschild radius should be equal or greater than its
characteristic scale size (i.e., rs(M) > a × RH). When the
fluctuation reenters the horizon, and assuming all the mass
contained in the volume of the fluctuation collapses, a PBH
is formed with mass
MPBH = κMH
(
δ − δthc
)γ
, (1)
where MH is the horizon mass at the time the fluctuation
enters the horizon, δ is the density contrast of the fluctu-
ation, and δthc is the threshold density contrast. Numerical
studies have found that γ ≈ 0.37, κ ≈ 11.9, and δthc ≈ 0.70
for Gaussian perturbations (see for instance Green & Liddle
1999; Niemeyer & Jedamzik 1998)
Aside from this mechanism that forms PBHs of a sin-
gle mass, we focus on mechanisms of formation with ex-
tended mass distributions, i.e, with a wide range of masses
for PBHs. In this paper we concentrate on two of them,
formation of PBHs at a fixed conformal time (FCT) and
formation at horizon crossing (HC).
1 It is worth to note that there are other mechanisms to form
PBHs where this condition is not necessary
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Figure 1. PBH Mass as a function of the scale factor for the
two scenarios of PBH formation dubbed as fixed conformal time
(FCT, red) and horizon crossing (HC, blue). In the first scenario
all the PBHs are formed at the same scale factor afct and in
the horizon crossing scenario the PBHs are formed when the
fluctuation-size matches the horizon radius, implying a contin-
uous formation process. Grey lines indicate different mass values
to illustrate qualitatively that PBHs with the same mass, form at
different times in each scenario.
2.1 Horizon crossing (HC)
In the HC scenario, the collapse process is assumed to be
causal, such that overdensities need to communicate (e.g., by
the gravitational interaction) throughout their scale where
the conditions for collapse are met. Therefore, this mecha-
nism restricts the formation of PBHs to those scales of fluc-
tuations that are just entering the instantaneous horizon at
a particular time. The corresponding mass-scale is then di-
rectly related to the mass contained within the entire horizon
(assuming average density) at the particular time when the
horizon size was the corresponding size-scale. This can be vi-
sualized on Figure 1 as different PBHs masses are formed at
different times, where the shaded area indicates the possible
PBH masses such that they are inside the horizon. There-
fore, the scale factor at formation is a variable that depends
on the scale of the fluctuation (either its mass or its size),
and this scenario gives rise to a continuous formation pro-
cess. The HC scenario is well motivated (see for example
Green & Liddle 1997, 1999; Green et al. 2004; Green 2016;
Young & Byrnes 2013, 2015), and is expected of any under-
lying PBH formation mechanism that requires the collapsing
scale to be in causal contact. One example of such a mech-
anism is nonlinear gravitational collapse (Green & Liddle
1999).
2.2 Fixed conformal time (FCT)
In the FCT scenario, there exists an underlying mechanism
that forces the formation of PBHs at a particular confor-
mal time (or scale factor afct), or, more physically, during
a narrow time interval compared with the age of the uni-
verse. Phase transitions (Kolb & Turner 1990; Gleiser 1998;
MNRAS 000, 1–22 (2015)
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Rubin et al. 2001; Jedamzik & Niemeyer 1999; Ferrer et al.
2019) naturally provide such a mechanism as they are trig-
gered by a change in the global conditions of the universe
(the appearance of a true-vacuum in the inflaton potential,
for example). These conditions depend on the background
solution, which is fixed by the cosmic dynamics. The tran-
sition to the true-vacuum does occur locally but in different
regions of the universe that need not be in causal contact
with each other and, roughly, at the same time.
In order to regard the phase transition as instantaneous,
it is only required for its duration to be short enough, which
is valid in general as it is considered to occur in the sim-
plest inflation model at reheating, which happens in a small
fraction of a second. Although there are no direct bounds
on the duration of the reheating epoch, several authors pro-
vide a rough estimation of this period for some inflationary
scenarios. They show that it depends on different parame-
ters, for instance, the equation of state of the Universe in
this epoch, the spectral index, and the inflaton parameters.
Even if there is a wide range for the duration of the reheat-
ing period, we can consider it as roughly instantaneous (see
for instance Cook et al. 2015; German 2020; Asadi & Nozari
2019).
Wherever a phase transition occurs, an expanding bub-
ble of true-vacuum will emerge, which will accelerate pro-
pelled by the energy difference between the true and false
vacua, expanding causally (and relativistically) throughout
the Universe (Garriga et al. 2016; Deng et al. 2018; Jinno
et al. 2019). Then, the places where PBHs are most likely to
form are the regions where the walls of said bubbles collide
(Hawking et al. 1982; Moss 1994; Khlopov et al. 1998; Deng
& Vilenkin 2017; Lewicki & Vaskonen 2019; Deng 2020a;
Kusenko et al. 2020; Deng 2020b), as illustrated in Fig.
2. However, the characteristic separation of these regions
throughout the Universe and their mass-scales will not be
determined by the horizon size at the time, nor any other
causal mechanism that involves communication. Rather, the
separation will be given by the comoving distance between
nucleation points and the mass-scale will correspond to the
energy contained in the expanding walls and not the mass
within the horizon at that time.
Furthermore, it is reasonable to expect that the nucle-
ation points of the true-vacuum bubbles will trace the high-
est amplitude peaks in the energy density of the inflaton
field, as they will have a higher probability of undergoing
the phase transition (Khlopov et al. 1998; Deng & Vilenkin
2017; Lewicki & Vaskonen 2019), i.e., the transition prob-
ability scales with the Boltzmann factor as one minus the
exponential of the difference in inflaton potential energy be-
tween the current value and that of the true vacuum, divided
by kBT (Gutierrez Abed & Moss 2020). Thus, the spatial
distribution of nucleation sites will be given directly in terms
of the primordial power spectrum of energy density fluctua-
tions.
The mass-scale of the PBHs formed at the intersections
between bubbles will then be given by the potential energy
of the false vacuum2 contained in a sphere with a size of the
2 More precisely, it is the energy difference between false and true
vacuum within the sphere but, we assumed that the potential of
the true-vacuum is negligible compared with that of the false-
Vacuum
Bubble
PBH
Figure 2. Representation of the PBH formation under the FCT
mechanism. Bubbles expand as a consequence of the energy dif-
ference between the true and false vacua and, PBHs are formed
in the colliding walls of these bubbles.
separation between nucleation sites at the time of bubble-
formation (reheating).
Finally, since different separations will exist between
the nucleation sites, different bubble-sizes are expected, as,
in comoving coordinates, the bubbles will occupy the space
available around each nucleation point, until an intersection
with the nearest bubble occurs. Therefore, the PBH masses
are also related to the primordial power spectrum, following
its distribution, depending directly on the average density
of the Universe at that time.
Even though it is clear that bubbles of different sizes
will form, it may be objected that the maximum bubble size
is still fixed by the instantaneous horizon size at reheating.
However, this is not the case, as the bubble walls, which
approximately follow radial null geodesics, can have a maxi-
mum size equal to the particle horizon at the end of inflation,
which is much larger than the instantaneous horizon (Dodel-
son 2003). Thus, there will be bubbles of all sizes, i.e., PBHs
of all masses, as we can see in Fig. 2. Finally, the approx-
imation of considering the maximum bubble size as given
by the inflationary particle horizon is justified as inflation
continues in the surrounding medium where the bubbles are
embedded, and the bubble walls propagate in this medium.
One should expect a physical limit for the maximum
mass for a PBH. In fact, this limit depends on the par-
ticular inflation model and the duration of reheating. For
example, let us consider an inflationary epoch characterized
by a nearly constant vacuum energy density, given by:
ε = 〈V (φ)〉vev . (2)
Considering this energy density as associated with the
vacuum and that the potential energy of the inflaton dominates
the cosmic energy density.
MNRAS 000, 1–22 (2015)
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energy-momentum tensor of a perfect fluid, and interpret-
ing this fluid as being sourced by an effective cosmological
constant, we have that the corresponding Λeff is set by
8piG
c4
Tµν = −Λeffδµν , (3)
where Tµν = diag [−ε, p, p, p]. Therefore, the energy density
and the pressure of the fluid are related to Λeff by
ε = −pfv = Λeffc
4
8piG
, (4)
or
Λeff =
8piGε
c4
. (5)
The maximum proper distance that bubble walls could
have travelled during N e-foldings of inflation can be cal-
culated considering a null geodesic measuring the proper
distance after the N e-foldings. This proper distance ∆L is
given by
∆L = a (tf )
∫ tf
ti
c dt′
a (t′)
= af
∫ af
ai
c da
a2H (a)
, (6)
where we used that dt = da
aH(a)
. Instead of using the scale
factor, it is convenient to use the number of e-foldings, N ,
as the dynamical variable. Thus, we consider that a (N) =
ai e
N , where ai is the initial value of the scalefactor and
a (N) is the value after N e-foldings. Then
∆L = eN
∫ N
0
c dN ′
eN′H
=
c
H
(
eN − 1
)
, (7)
where we considered that during inflation H (N) = H re-
mains constant. Finally, considering that
H =
√
Λeff c2
3
, (8)
we obtain
∆L =
√
3
Λeff
(
eN − 1
)
. (9)
Having obtained the maximum proper distance trav-
elled during N e-foldings of inflation, we can compute the
maximum possible PBH mass for BHs formed by bubble
collision. This will be given by a PBH formed by the col-
lision of two bubbles whose walls travelled this maximum
possible distance during all of the N e-foldings of inflation
allowed for a particular model. The mass of the PBH will
then be given by, approximately, the total mass contained
within such a bubble at the time of collision, assuming a
mass density equal to the energy density of the false vac-
uum divided by c2. Then, the bubble volume will be given
by
Vbubble =
4
3
pi (∆L)3 , (10)
and the mass density will be given by
ρ =
ε
c2
=
Λeffc
2
8piG
. (11)
Thus, the maximum PBH mass can be obtained as
MMaxPBH =
4
3
pi (∆L)3 ρ =
c2
2G
√
3
Λeff
(
eN − 1
)3
. (12)
By considering that ε takes the value of the upper bound
on the energy scale of inflation (1.6×1016GeV)4 within 95%
confidence level (Planck Collaboration et al. 2018b) we can
estimate Λeff. We obtain ∼ 1.53×1032M < MMaxPBH < 1.64×
1045M in the interval 50 < N < 60.
Through the paper, we choose the epoch for this for-
mation scenario as afct = 2.04 × 10−26 implying MMaxPBH ∼
1.28× 1044M . Figure 1 illustrates these two mechanisms
for the PBH formation. Notice that in FCT, PBHs with dif-
ferent masses are formed at the same time (or scale factor)
whereas, in the HC scenario, their formation occurs at differ-
ent times. We include the grey lines on this plot to illustrate
that a PBH can form with the same mass at different epochs,
depending on the formation scenario we choose.
3 THE PRIMORDIAL BLACK HOLE MASS
FUNCTION
PBH formation is related to the density fluctuations in the
early universe, which are quantified by the Primordial Power
Spectrum (PPS). The standard PPS is parametrized by a
power-law
P (k) = As
(
k
k0
)ns
, (13)
where As is an arbitrary normalization and ns is the spec-
tral index. These parameters are measured by the Planck
collaboration at k0 = 0.05 Mpc−1, obtaining As = 2.101 ×
109 Mpc3 and ns = 0.9649 ± 0.0042, i.e. a red-tilt power
spectrum with no evidence for significant deviation of the
power-law at 0.008Mpc−1 . k . 0.1Mpc−1 (Planck Collab-
oration et al. 2018a).
We can also consider a different PPS with a blue tilted
spectrum at small scales and we will refer to it as the broken
primordial power spectrum (BPPS). It is defined as
P (k) =
As
(
k
k0
)ns
for k < kpiv,
As
(
k
k0
)nb
for k > kpiv,
(14)
where kpiv is the pivot wavenumber above which the spectral
index is blue, i.e. nb > 1 and  is a constant introduced to
ensure the continuity of P (k), defined as
 =
(
kpiv
k0
)ns−nb
. (15)
Figure 3 shows the power spectrum as function of the
wavenumber for a power law (Eq. (13)) and the broken
power-law (Eq. (14)). Notice that for the latter, there is an
enhancement for wavenumbers above than the pivot scale.
Throughout this work, we have set kpiv = 10 Mpc−1. No-
tice that our choice of kpiv is conservative (see for example
Hirano et al. 2015). Future CMB experiments as Primor-
dial Inflation eXplorer (PIXIE) will be able to constrain
the primordial power spectrum at wavenumbers between
50Mpc−1 . k . 104Mpc−1 (Chluba et al. 2012).
The difference between these two considerations for the
PPS leads to distinct results for the PBH mass function
and, combining them with the two formation mechanisms
(§2), we have four main possibilities for the PBH mass
MNRAS 000, 1–22 (2015)
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Figure 3. Primordial power spectrum, P (k) as function of the
wavenumber k for two cases, the power law given by Eq. (13)
and the broken power law given by Eq. (14). We have considered
ns = 0.9649 for the power law spectrum and nb = 2 with kpiv =
10Mpc−1 for the broken power law.
function.
To obtain the mass function of primordial black holes,
we adopt the formalism by Sheth et al. (2001), which is a
Press-Schechter (PS from now on, Press & Schechter 1974)
approach that solves the peaks-within-peaks underestimate
of the abundance of objects (another approach to calculate
the PBH abundance is the peaks theory, see for instance
Bardeen et al. 1986; Green et al. 2004; Young et al. 2014;
Young & Musso 2020). In this approach, the abundance de-
pends on the linear overdensity above which objects collapse
and form. The use of linear overdensities is what allows to
use the PS formalism in the first place, as it adopts Gaus-
sian statistics. There are differences with the formalism for
haloes (briefly discussed in Young & Musso 2020) that we
will point out in what follows.
Following this modified PS formalism, the extended
PBH mass function is defined as
(
dn
dM
(M)
)
PS
= νf (ν)
ρDM
M2
d log ν
d logM
= f (ν)
ρDM
M
dν
dM
,
(16)
where ρDM is the dark matter density, and ν(M) can be
interpreted as the peak height defined as
ν (M) =
δc
σ (M)
, (17)
being δc the threshold density contrast for PBH formation
and σ(M) the variance of the density field. Notice that δc
is the linear overdensity and its relation with the non-linear
density (the physical one) depends on the physical mecha-
nism by which a region collapses into a PBH. The relation
between the linear and non-linear overdensity has been in-
vestigated by several authors (see for instance Yoo et al.
2018; Kawasaki & Nakatsuka 2019; Young et al. 2019; De
Luca et al. 2019; Kalaja et al. 2019) and its calculation is
beyond the scope of this work.
On the other hand, we assume that the distribution of
σ follows Gaussian statistics, as
f(ν(M)) =
2√
2pi
exp
(
−1
2
ν(M)2
)
. (18)
The variance of the fluctuations of a smoothed density
field is given by
σ2 (M) = 4piD2(a)
∞∫
0
k2P (k) Ŵ 2 (R (M) , k) dk, (19)
where k is the comoving wavenumber, P (k) is the primor-
dial power spectrum, D(a) is the growth factor of the fluc-
tuations at certain scale factor a, and Ŵ corresponds to a
window function. Several authors have investigated the ef-
fect of the choice of Ŵ on different power spectra and hence
on the PBH abundance under the PS and peaks theory ap-
proaches (Gow et al. 2020; Young 2020). For instance, Gow
et al. (2020) found that, by considering a top-hat or a Gaus-
sian smoothing function in a log-normal power spectrum, the
amplitude difference in a range of masses is . 20% and the
resulting mass distributions are very similar. For simplicity,
we use the sharp (top-hat) k-space window function
Ŵ 2 (R (M) , k) =
{
1, k 6 kR
0, k > kR
, (20)
where kR = 2piR(M) , R is the comoving radius, and its depen-
dence with the mass M is given by
M(a) =
4pi
3
(aR)3ρ¯(a), (21)
where ρ¯ is the background density. The mass defined in Eq.
(21) corresponds to the total energy density within a sphere
of radius R as a function of the scale factor a. However, here
we find the first difference between PS applied to PBH for-
mation compared to halo formation. We want to associate a
certain scale kR with the mass of a PBH rather than with the
total energy density. This can be interpreted in two ways.
One is to say that only a small fraction of the energy density
within the horizon will undergo collapse and the other is to
consider that only a fraction of the modes with wavenumber
k will collapse forming a PBH. Of course, any combination
of these two scenarios can also happen. There is no possi-
ble way to distinguish which scenario we need to consider
without fixing the formation mechanism in detail, e.g. in-
cluding the full details of the gravitational collapse for the
PBH formation and the relation between linear and non-
linear fluctuations. The first possibility can be taken into
account by proposing
MPBH = fm ×MH = 4pi
3
(aR)3 fm ρ¯(a), (22)
where fm is the fraction of the energy density that collapses
into a PBH and MH is given by Eq. (21).
Another fundamental difference between this formalism
and the one used for the formation of haloes is that, for halo
formation, the background density from where the haloes
collapse evolves as the haloes themselves. In contrast, for
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the PBH formation, the background density ρ¯ evolves as
radiation, whereas the PBH density evolves as matter.
Having a PBH mass function, we can compute the PBH
number density and mass density. The number density of
PBHs with mass between Mmin < M < Mmax is given by
nPBH =
Mmax∫
Mmin
dn
dM
(M ′) dM′. (23)
Similarly, the PBH mass density, is defined as
ρPBH =
Mmax∫
Mmin
M ′
dn
dM
(M ′) dM′. (24)
Finally, since there is a wide range of PBH masses, an
average mass for the distribution can be computed as
〈M〉PBH =
ρPBH
nPBH
=
Mmax∫
Mmin
M ′ dn
dM
(M ′)dM ′
Mmax∫
Mmin
dn
dM
(M ′)dM ′
. (25)
At this stage, it is useful to discuss the mass limits of
the integrals. Regarding the lower mass limit Mmin, this
is related to the emission via Hawking radiation (Hawking
1974, 1975) of a black hole. The evaporation lifetime, τev,
for a black hole with mass M is
τev =
5120piG2M3
~c4
∼ 1064
(
M
M
)3
yr. (26)
The mass of a PBH that is in the last stages of evaporation
depends mostly on the redshift of evaporation and we will
refer to this mass as Mev(z). Finally, we typically set the
minimum mass in the previous integrals asMmin = Mev(z).
Regarding the upper mass limit, since in these distribu-
tions PBHs of the highest masses tend to be very rare, it is
possible that they are not found within the causal volume
at early times. We quantify this by defining the cumulative
number density of PBHs above any mass M as
nPBH(> M) =
∫ ∞
M
dn
dM ′
dM ′, (27)
and the cumulative number of PBHs is given by
N(> M) = V nPBH(> M) = V
∫ ∞
M
dn
dM ′
dM ′, (28)
where V is the volume in a spherical region. We will refer
to the mass at which the cumulative number density equals
one PBH per horizon volume as M1pH(z),
n(> M1pH(z)) = 1/VHubble(z). (29)
Notice that M1pH(z) is a function of redshift because the
Hubble volume VHubble increases with cosmic time, and it
will enter in the calculations as the upper mass of PBHs
that are in causal contact at redshift z, as is the case of
fluctuations that enter the horizon. In our calculations we
adopt Mmax = M1pH(z).
Due to the definition of the mass function in Eq. (16)
ρDM =
∞∫
0
M ′
(
dn
dM
(M ′)
)
PS
dM ′, (30)
but this includes PBHs that have already evaporated and
PBHs that are not likely to be found within the causal vol-
ume. Therefore, we normalize the mass function by
An =
∫∞
0
M
(
dn
dM
)
PS
dM∫M1pH (z=0)
Mev(z=0)
M
(
dn
dM
)
PS
dM
, (31)
enforcing that the PBH mass function satisfies
ρDM =
∫ M1pH (z=0)
Mev(z=0)
M ′An
(
dn
dM
(M ′)
)
PS
dM ′. (32)
Finally, from now on, when we use the mass function
of PBHs, we are considering the normalized mass function
that satisfies (32).3 This is
dn
dM
(M) = An
(
dn
dM
(M)
)
PS
, (33)
with the PS mass function as defined in (16).
As we already said, different formation mechanisms and
considerations for the PPS will give different results for the
PBH mass function. In the following sub-sections, we obtain
the mass function for the FCT and HC scenarios, considering
a standard PPS and a broken PPS.
3.1 Fixed conformal time Mass Function
In this scenario, the background energy density is given by
ρfct =
(
ρDM,0
a3fct
+
ρr,0
a4fct
)
, (34)
where ρDM,0, ρr,0 are the z = 0 energy densities for dark
matter and radiation respectively and afct is the scale fac-
tor of PBH formation (see §2). Although in this epoch the
matter contribution can be neglected because ρDM (afct)
ρr(afct), we have included it in our analysis. It should also
be noted that the energy density for radiation does not in-
clude the neutrino contribution. Then, we can directly de-
rive the radius associated to a certain wavenumber kR, using
equation (21)
R(M) =
1
afct
(
3
4piρfct
)1/3 (
M
fm
)1/3
, (35)
3 We are aware that the computation of the normalization de-
pends onM1pH , which in turn depends on An, meaning that this
is an iterative process. However, this process converges after a few
iterations.
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with this, kR can be written as
kR(M) = CfctM
−1/3, (36)
where
Cfct = afct
(
32pi4ρfct
3
fm
)1/3
. (37)
Note that M corresponds to the mass of the PBH since
we included the factor fm already. These are the necessary
considerations for the FCT scenario. Now, things will be
different when considering a standard PPS or a broken PPS
due to the particular results on the calculation of σ(M) (see
eq. (19)).
In the construction of the mass function, we define a
new parameterM∗ that satisfies ν(M∗) ≡ 1 and, since ν(M)
depends directly on σ(M), this parameter will be different
for the two PPS considered. In the mass function this pa-
rameter M∗ is the mass where an exponential cut-off starts.
This can be thought of as the characteristic mass in our
mass distribution and, it is directly related with the critical
density contrast δc.
3.1.1 Standard Power Spectrum
In this situation, the characteristic mass (see appendix A1
for further details of the derivation) is given by
M∗ =

√
4pi a4fct (As/k
ns
0 )C
ns+3
fct
δc(ns + 3)1/2

6
(ns+3)
. (38)
The mass function for a standard PPS is then given by
(
dn
dM
)std
fct
= An
ρDM (a)√
2pi
ns + 3
3M2
(
M
M∗
)ns+3
6
× exp
[
−1
2
(
M
M∗
)ns+3
3
]
.
(39)
3.1.2 Broken Power Spectrum
The first difference that appears in this scenario is that we
have an extra scale that corresponds to the pivot wavenum-
ber kpiv. This implies that there is a particular massMpiv =
(Cfct/kpiv)
3 above which P (k) corresponds to Eq. (13). In
the regime of PBHs with masses below Mpiv, one analo-
gously obtains 4
M∗ ≡
(
δ2c
Apiv S2
− S1
S2
)−1
α
, (40)
where α ≡ nb+3
3
and
Apiv ≡
4pi a4fct (As/k
ns
0 )C
(nb+3)
fct k
ns−nb
piv
(ns + 3)(nb + 3)
, (41)
4 the derivation of M∗ is given in the appendix A1
S1 ≡ (nb − ns)M−αpiv ,
S2 ≡ (ns + 3). (42)
With this, the broken PPS mass function on the FCT sce-
nario reads,
(
dn
dM
)brk
fct
= An
S2 αρDM (a)√
2piMα+2
(
S1 + S2M
−α
∗
)1/2
(S1 + S2M−α)
3/2
× exp
[
− S1 + S2M
−α
∗
2 (S1 + S2M−α)
]
.
(43)
As expected, if we choose nb = ns we recover the ex-
pression for the standard PPS eq. (39). This also happens
if we consider PBHs with M > Mpiv as a result of the ex-
istence of this pivot scale. Then, the final and most general
expression for the FCT PBH mass function is
(
dn
dM
)
fct
=

(
dn
dM
)brk
fct for M < Mpiv,(
dn
dM
)std
fct for M >Mpiv,
(44)
3.2 Horizon crossing Mass Function
In this scenario, we are considering that the PBHs form in
the epoch of radiation domination. Under this prescription,
the energy density is
ρhc ' ρr,0
a4hc
' 3H
2
0
8piG
Ωr,0
a4hc
. (45)
Since we are now considering that the size of the fluc-
tuation matches the Horizon radius, we need to take into
account that
R(ahc) =
c
ahcH(ahc)
=
c ahc
H0
√
Ωr,0
, (46)
where we have considered H(ahc) = H0
√
Ωr,0a
−2
hc of radia-
tion domination. Thus the mass of the fluctuation using Eq.
(21) reads
M(ahc) =
c3a2hc
2GH0
√
Ωr,0
fm, (47)
where we used equations (45) and (46). This last expression
gives a relation between the scale factor, ahc, at which a
mode of Lagrangian mass M enters the horizon as
ahc =
(
2GH0
√
Ωr,0
c3
)1/2(
M
fm
)1/2
, (48)
allowing us to express kR as a function of the mass of the
PBH
kR = ChcM
−1/2, (49)
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with Chc defined as
Chc = pi
(
2H0
√
Ωr,0c
G
fm
)1/2
. (50)
It is noteworthy that several authors give the relation of
the PBH mass (or wavenumer) to the horizon mass in terms
of the number of degrees of freedom of relativistic species at
a certain epoch (e.g. Green & Liddle 1997; Nakama et al.
2017; Inomata et al. 2018; Gow et al. 2020). Here, we only
consider radiation in Eq. (45) and the contribution of neu-
trinos is neglected.
Just as we did above, we write our results for the mass
function in terms of M∗. The meaning of this quantity re-
mains the same but its relation with δc is different.
3.2.1 Standard Power Spectrum
For this kind of power spectrum, the computation of σ(M)
(see the full derivation in appendix A2) leads to
M∗ =
[√
4pi (As/k
ns
0 )
δc
√
ns + 3
(
G
pi c2 fm
)2
C
ns+7
2
hc
] 4
ns−1
. (51)
This translates into the mass function
(
dn
dM
)std
hc
= An
ρDM (a)√
2pi
(ns − 1)
2
1
M2
(
M∗
M
) 1−ns
4
× exp
[
−1
2
(
M∗
M
) 1−ns
2
]
.
(52)
Note that for this mass function we need ns > 1 in or-
der to avoid a negative or null mass function. This issue
has already been addressed by Carr et al. (1994); Kim &
Lee (1996); Green & Liddle (1999); Chisholm (2006); Young
et al. (2014); Gupta et al. (2018), among others. Considering
that ns = 0.9649 ± 0.0042 as measured by the Planck col-
laboration, we also explore the possibility of a broken PPS.
3.2.2 Broken Power Spectrum
As before, in this scenario, the wavenumber kpiv translates
into a particular mass defined as Mpiv = (Chc/kpiv)2 due to
the relation between M and k of Eq. (49). Then, M∗ is de-
fined (further details of its derivation are given in appendix
A2) by
δ2c = A
′
piv
[
S′1M
2
∗ + S
′
2M
2−α′
∗
]
, (53)
where in this scenario we defined α′ = nb+3
2
,
A′piv ≡ 4pi (As/k
ns
0 )
(ns + 3)(nb + 3)
(
G
pi c2 fm
)4
C
(ns+7)
hc M
nb−ns
2
piv ,
(54)
and
S′1 ≡ (nb − ns)M−α
′
piv ,
S′2 = S2 ≡ (ns + 3). (55)
Note that, in this scenario, if we want to findM∗ from a cer-
tain value of δc we need to solve a transcendental equation.
101 107 1013 1019 1025 1031 1037 1043
M  [g]
10 38 10 32 10 26 10 20 10 14 10 8 10 2 104 1010
M [M ]
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100
1010
1020
1030
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1050
1060
1070
dn dM
(M
) [
M
1
M
pc
3 ]
HC
FCT
Mev(a0)
(nb , M*[M ])
FCT (1.5, 1.39 × 102)
FCT (2.0, 9.1 × 10 8)
HC (3.0, 1.39 × 102)
HC (3.8, 9.1 × 10 8)
Figure 4. PBH mass functions for different scenarios, computed
considering different values for nb andM∗. The red and blue lines
correspond to the FCT and HC formation scenarios, respectively.
The grey area indicates the PBHs which have already evaporated
by z = 0.
Then Eq. (53) is solved numerically for M∗. We can finally
express our mass function for the broken PPS as
(
dn
dM
)brk
hc
= An
ρDM (a)√
2pi
[(
α′ − 2)S′2M−α′ − 2S′1]
×
[
S′1M
2
∗ + S
′
2M
2−α′
∗
]1/2
[S′1M2 + S
′
2M
2−α′ ]3/2
exp
−1
2
[
S′1M
2
∗ + S
′
2M
2−α′
∗
]
[S′1M2 + S
′
2M
2−α′ ]
.
(56)
Here we can set ns to the Planck value, however, the re-
striction will be on the blue spectral index nb, requiring
that nb > 1. Once again, considering nb = ns or M > Mpiv,
we recover the same expression as for the standard PPS
(eq. (52)). It is also worth mentioning that σ(M) must be a
decreasing function in order to be consistent with the cos-
mological principle, i.e., larger scales are more homogeneous.
A decreasing σ(M) has a negative derivative implying that
the mass function is positive. For higher masses M > Mpiv,
σ(M) is an increasing function which does not satisfy the
cosmological principle. To restore its consistency, we mod-
ify σ(M) by considering that it has a constant minimum
value forM >Mpiv, implying that (dn/dM)hc = 0 for these
masses. Therefore, our final definition for the HC mass func-
tion is
(
dn
dM
)
hc
=

(
dn
dM
)brk
hc for M < Mpiv,
0 for M >Mpiv.
(57)
This functional form imposes an upper limit for the mass of
the PBHs under this formation mechanism.
It is relevant to mention that in Eq. (45) we are us-
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ing an approximation when we assume that the background
density is only composed of radiation. This consideration
only holds until matter-radiation equality zeq. Therefore, the
mass function obtained in (57) is only valid up to the mass
Meq ∼ 4.7× 1017M of the PBH formed at zeq. For the rest
of this work, we consider that no PBH forms after zeq.
We show examples of these mass functions for different
scenarios in Figure 4. The red and blue lines shows the FCT
and HC scenarios for two sets of parameters each one. In
both, the solid line, corresponds to a higher M∗ value, pre-
dicting PBHs with high mass in contrast with the dashed
line. Also, for both scenarios, each line has a different slope,
related to the distinct nb values. The grey area, shows the
region of PBHs evaporated today.
Since the broken PPS mass function can reproduce the
standard PPS mass function scenario, we will focus on the
broken PPS mass function as a general way to express our
results. Notice that the mass functions defined in Eqs. (44)
and (57) have several free parameters. Hereafter, we assume
fiducial values for the cosmological parameters as mentioned
above and kpiv = 10Mpc−1 leaving as free parameters nb
and M∗. We choose to fix fm = 1 but also estimate a mini-
mum fm < 1 in each scenario. We consider only PBH mass
functions that predict PBHs in the regime M < Mpiv. This
is reasonable, sinceMpiv & 1012M for FCT and HC forma-
tion scenarios and PBHs with higher masses tend to be very
rare. Finally, we compute the slopes n of the PS PBH mass
distributions at masses well below the characteristic mass
M∗. The slopes depend mainly on the blue spectral index.
The logarithmic slopes of the differential mass functions are
n = −(9 − nb)/6 and n = −(9 − nb)/4 for FCT and HC
respectively.
4 CONSTRAINTS ON THE FRACTION OF
DARK MATTER IN PBHS
Once we already defined our different mass functions, we
need to inspect whether it is possible to account for all the
dark matter in the form of PBHs. This is usually expressed
in terms of
f =
ρPBH
ρDM
, (58)
being f = 1 the scenario where PBHs can constitute all DM
in the Universe. In the following, we investigate different
constraints on this fraction.
4.1 Constraint from super massive black holes
mass function
The mass functions presented here allow for the existence
of very massive PBHs along with a population of low mass
PBHs, which does not occur with monochromatic PBH mass
functions. Dark matter haloes collapse during matter domi-
nation from Lagrangian regions that contain PBHs already
formed during the epoch of radiation. Therefore, they con-
tain PBHs drawn from the universal PBH mass function.
Depending on the volume that collapses, there is a maxi-
mum mass for the PBH that eventually falls into the dark
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Figure 5. PBH cumulative number density (27) for two different
sets of parameters nb and M∗, in the HC scenario, as a function
of the PBH mass. The axis on the right also shows the logarithm
of the number of PBHs within the comoving horizon. Black lines
show the inverse of the Lagrangian volume of a halo with mass
109 M and 1012 M as indicated.
matter halo, which we refer to as the central PBH in the
Halo,
VHalo(Mh)nPBH(> Mc) = 1, (59)
where VHalo is the Lagrangian volume of the halo defined as
VHalo(Mh) =
Mh
ρm
, (60)
with ρm andMh corresponding to the comoving matter den-
sity and the halo mass respectively. In this work we assume
that the most massive PBH sinks to the center of the halo;
we will also consider the possibility that it will merge with
other PBHs later in this section.
If M∗ is large enough, a halo can contain central PBHs
with masses exceeding even the largest known supermassive
black holes (SMBH) observed in galaxies. This would be at
odds with observations and can be used to constrain the
parameter space comprised by the M∗, nb parameters. Fig-
ure 5 shows examples of cummulative PBH mass functions
with horizontal lines marking the inverse of the Lagrangian
volume of dark matter haloes of different mass. The point
where these lines intersect the PBH mass functions show
the central PBH mass that will be found in haloes of such
mass, typically. For example, the solid line indicates that
both haloes represented in the figure have Mc ∼ 108M,
while the dot-dashed line shows that, for those parameters,
a halo with Mh = 109M has a central PBH with mass
Mc ∼ 105Mand a halo with Mh = 1012M has a central
PBH of Mc ∼ 1011M.
The constraint will be built by comparing the abun-
dance of the most massive PBHs in haloes with that of the
SMBHs in galaxies, obtained from observations. The lat-
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Figure 6. SMBHs mass function (dotted black line) with λ =
0.01 (Li et al. 2012) in comparison with different PBH mass func-
tions in the HC (blue) and FCT (red) scenarios.
ter can be obtained from the active galactic nucleus (AGN)
mass function as
(
dn
dM
)
SMBH
=
1
λ (M)
(
dn
dM
)
AGN
, (61)
where λ(M) corresponds to the duty cycle of AGNs, and the
AGN mass function is that given by Li et al. (2012). For this
work, we use λ(M) = 0.01, which is reasonable considering
that we are interested in the SMBH mass function at z = 0
(Li et al. 2012). For the mass function of the most massive
SMBHs in haloes we define the cumulative number density
of SMBH as
nSMBH (> M) =
∫ ∞
M
(
dn
dM
)
SMBH
dM. (62)
Requiring that the PBH mass functions satisfy
nPBH(M) < nSMBH(M) (with nPBH defined as the cumu-
lative number density of PBH) would be too restrictive as
nPBH overestimates the number of PBHs because it also
counts satellite PBHs in the halo. We solve this by con-
sidering only the most massive PBH of mass Mc within a
halo, as defined above.
We adopt the halo mass function proposed by Tinker
et al. (2008) to compute the cumulative number density of
central PBHs
nPBHc (> M) =
∫ ∞
M
(
dn
dM
(Mh (Mc))
)
Halo
(
dMh
dMc
)
dMc,
(63)
where Mh(Mc) is obtained implicitly through (60) and the
Jacobian
(
dMh
dMc
)
is obtained using (59).
Figure 6 shows the observational SMBH mass function
(dotted black line) in comparison with PBH mass distribu-
tions in the HC (blue lines) and FCT (red lines) scenarios
assuming a nb = 3.0 and 3.5 for M∗ = 109M and 1010M,
respectively. Notice that for the latter M∗ values, the high
mass tails for the PBH mass function are below the SMBH
one at all SMBH masses, and are therefore allowed.
We also study the effect of mergers of massive PBHs
considering that PBHs with masses larger than the "sink-in
mass" Ms have all fallen to the centre and merged with the
central PBH. Ms is defined implicitly by requiring that the
sink-in time into the centre of a halo of mass Mh is equal to
the Hubble time at redshift z. i.e.,
τdyn (Ms,Mh, z) = H (z)
−1 . (64)
The estimation of this dynamical time requires knowl-
edge of the dynamical behavior of a massive object within
a halo. This can be expressed in terms of the halo mass Mh
and the PBH mass MPBH (Binney & Tremaine 2008) as
τdyn (MPBH ,Mh, z) =
1.17
ln (Λ (MPBH ,Mh))
r2200 (Mh, z) vc (Mh)
GMPBH
,
(65)
where
r200 (Mh, z) =
(
3Mha
3 (z)
800piρm,0
) 1
3
, (66)
vc (Mh) =
(
GMh
r200 (Mh)
) 1
2
, (67)
and
Λ (MPBH ,Mh) = 1 +
Mh
MPBH
. (68)
Then, we define the modified central PBH mass M ′c as
M ′c (Mh, z) = Mc (Mh)
+V (Mh)
∫ Mc(Mh)
min(Ms(Mh,z),Mc(Mh))
(
dn
dM
)
PBH
MdM,
(69)
accounting for the merger of all PBHs withM > Ms present
in the halo, assuming instantaneous merging, and neglecting
the satellite PBHs correctly. Also, in case that Ms > Mc,
no PBH has the time to fall to the centre and the mass of
the central PBH is not modified by merging. To investigate
whether this merging effect is relevant we calculate the sink-
in mass Ms at z = 0 and the central mass Mc (Eq.59) in
halos spanning a mass range of 105 − 1017M for different
PBH mass distributions. Figure 7 shows the sink-in mass
(dotted black line) and values of central mass as function of
the halo mass. We show three M∗ values, 104M (green),
108M (red), 1012M (blue) and two values for nb for each
M∗, nb = 2 and nb = 3.5 represented by solid and dashed
lines, respectively. As we can see, Ms is greater than Mc at
almost all Mh except in a small region when the halo mass
is similar to the M∗ value. This means that, in general, the
central PBHs in these halos are not modified by mergers
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Figure 7. Sink-in mass (Ms, black dotted line) and central PBH
mass (Mc) as function of the halo mass (Mh) for HC (top panel)
and FCT (bottom panel) scenarios. The different colors corre-
spond to different M∗ values with nb = 2.0 (solid lines) and
nb = 3.5 (dashed lines).
M ′c ≈ Mc 5. For the case when Ms is similar to M∗, the
mass of the formed halo should satisfy Mh M∗.
Finally, it will suffice to impose that nPBHc(> M) 6
nSMBH(> M) for all values ofM , considering the cumulative
number density of central PBHs as in (63). This translates
into a permitted fraction of DM in the form of PBHs given
by
f = min
({
nSMBH (> M)
NPBHc (> M)
}
M>107M
)
, (70)
where we consider the minimum value of this fraction in or-
der to be in agreement with the SMBH mass function, even
in the most restrictive scenario. Figure 8 shows the contours
of different values of f in the n,M∗ and nb space for this cri-
terion (Eq. 70) for the FCT and HC scenarios. As we can see,
this constraint affects the scenarios where the mass functions
predict PBHs with high masses (O(1010M)) since these are
the ones that can show disagreement with the observation-
ally detected SMBHs.
5 Notice that for FCT, there are no Mc in halos with masses
below ∼ 107M and ∼ 1011M for M∗ = 108M and M∗ =
1012M respectively when nb = 3.5.
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Figure 8. Level contours for f given by Eq. 70 for HC (left panel)
and FCT (right panel) scenarios. As the figure suggests, the re-
gions where this constraint becomes more restrictive corresponds
to the ones with high M∗, i.e., regions where their corresponding
mass function predicts massive PBHs. The grey contours show
the value of δc as a function of nb and M∗.
In the remainder of this section, we present the other
constraints on the fraction of DM in PBH, extracted from
the literature.
4.2 Monochromatic Constraints and extended
PBH mass distributions
Most of the constraints for f are computed for a monochro-
matic mass function. One would want to calculate again
these constraints but now, considering that the primordial
black holes span a wide range of masses. Nevertheless, the
physical processes in most of these observable constraints
are not completely understood and many astrophysical pa-
rameters have to be assumed. Thus, for extended mass dis-
tributions the computation of f considering the mass de-
pendence on the different physical processes becomes very
difficult (Carr et al. 2017).
Some authors have developed methods to translate the
constraints on monochromatic mass functions into extended
ones (see for instance Carr et al. 2017; Bellomo et al. 2018).
Based on these approaches, we propose an alternative for-
malism to constrain PBH extended mass functions from
monochromatic bounds. This new method accounts for the
fact that the physical processes used to constrain f are sen-
sitive to PBHs only in a particular mass range, which ac-
counts for a fraction of the total PBH mass in an extended
mass function. It also accounts for the redshift evolution of
the mass function due to PBH evaporation and the entrance
of more massive PBHs to the Hubble volume as time pro-
gresses.
We consider different physical processes which indepen-
dently provide constraints to the allowed DM fraction in
PBHs assuming monochromatic distributions. Each under-
lying process is related to some observable output, which is
assumed to be extensive in the number of PBHs, i.e., the
total output is proportional to the number of PBHs. Then,
the fraction f is interpreted directly as the ratio between
the maximum allowed output and the measured value of
that output. If this ratio is greater than one it means that
the constraint, given by the maximum allowed value of the
output, has not been reached. If it is less than one, it mea-
sures the maximum fraction of DM that PBHs can account
MNRAS 000, 1–22 (2015)
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for, such that when multiplied by the total measured value
of the output, one recovers the maximum allowed value.
The inverse of f thus gives the observed output nor-
malized by its maximum allowed value (which corresponds
to the observational constraint), and is thus a measure of
the normalized output function g (M). Due to the extensive
nature of the output, and considering that an extended mass
function for PBHs can be interpreted as the sum of differ-
ent monochromatic populations, the average of the output
function 〈g (M)〉 can be calculated using the mass function
itself as the relevant statistical weight. This value of an ef-
fective output is interpreted as the resulting output from a
combination of BH populations of different masses, with a
distribution provided by the mass function,
〈g(M)〉 =
∫min(Mmax,M1pH (z))
max(Mmin,Mev(z))
g(M) dn
dM
dM∫min(Mmax,M1pH (z))
max(Mmin,Mev(z))
dn
dM
dM
, (71)
whereMmin andMmax are the mass limits where the obser-
vational constraint is sensitive, and we only consider PBHs
such that they exist (e.g., they have not evaporated at that
moment) within the causal volume by includingMev(z) and
M1pH(z). Then, the multiplicative inverse of this 〈g (M)〉 is
interpreted directly as the effective f for the PBH popula-
tion, characterized by a particular choice of the mass func-
tion. This procedure is general, and it only relies on the as-
sumption of extensivity of the underlying physical quantity
associated with the observational constraint.
Because the normalized output functions g (M) have
support only on a domain that is a subset of the considered
mass range for PBHs where the mass function is defined,
the effective fraction f obtained as previously mentioned
has to be corrected to account for the mass not constrained
by g (M). Figure 9 illustrates a generic mass function and a
particular output function g (M). For instance, consider two
populations (A) and (B) of PBHs. The population (A) corre-
sponds to the PBHs that can affect the observable measured
by a particular constraint. For example, if some constraint
is sensitive to objects with masses betweenMmin andMmax
then, only PBHs within those masses will be considered on
the calculation of the effective f . The population (B) corre-
sponds to the whole population of PBHs, considering even
the ones that cannot be detected by this constraint. For in-
stance, if the population (B) holds more PBH mass than
population (A), then the resulting effective f will be higher
since the constraint will only act on a small fraction of our
population and hence, a small fraction of the total PBH
mass.
To correct for this, we define the constrained mass den-
sity as
ρconstr =
∫ min(Mmax,M1pH (z))
max(Mmin,Mev(z))
(
g(M)
gmax
)
M
dn
dM
dM, (72)
where g(M)
gmax
will act as a filter function, varying from 1, at
the maximum value of g(M), gmax, and 0, whenever M is
outside the domain of g(M).
We use this definition to compute the ratio between
the total mass density in PBHs at redshift z (see eq. (24))
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Figure 9. Schematic figure for the CM correction. The blue
line corresponds to an arbitrary extended mass distribution. The
black line represents the g(M) function, which is only sensitive
to masses within (Mmin,Mmax) and the red line shows the mass
function weighted by g(M). This figure shows that when consid-
ering a particular g(M), related to some constraint, it is possible
to have masses outside the regime where g(M) is sensitive.
and the constrained mass density (72) at the same epoch,
obtaining
CM (z) =
∫M1pH (z)
Mev(z)
M dn
dM
dM
ρconstr
. (73)
The meaning of CM (z) is understood such that all the mass
is constrained near the maximum of g (M), with the sensi-
tivity of the constraint decreasing proportionally to the de-
crease in observable output away from the maximum gmax.
Additionally, the data to compute some of the obser-
vational constraints is obtained at a particular redshift z.
Then, we need to introduce another correction to take into
account the evolution of the mass function from this redshift
z to the current epoch. Figure 10 illustrates a mass function
whose limits are the evaporation massMev andM1pH today
and at z = 1100. Notice that, within these limits, there is
a difference in the mass function and mass density of PBHs
when different redshifts are considered. Therefore, we intro-
duce the Cz quantity to correct the resulting effective f by
the mass function evolution as
Cz(z) =
∫M1pH (z=0)
Mev(z=0)
M dn
dM
dM∫M1pH (z)
Mev(z)
M dn
dM
dM
. (74)
Thus, the corrected fraction of DM as PBHs is then
given by the fraction computed as 〈g (M)〉−1, multiplied by
the correction factors CM and Cz, i.e.,
fi =
(
CM (zi)Cz(zi)
〈gi (M)〉
)
, (75)
where the subscript i was added to indicate that this is for
a particular monochromatic constraint.
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Figure 10. Schematic figure for the Cz correction. The black
solid line represents an arbitrary mass function. The red and blue
vertical lines mark the evaporation (Mev) and M1ph masses at
z = 0 and z = 1100 respectively. Notice the number of PBHs in
these boundaries change at different redshifts.
In the following, we apply this procedure to compute
the allowed f for HC and FCT extended mass distribu-
tions for a range of values for the parameters M∗ and nb.
We have chosen monochromatic constraints from evaporat-
ing PBHs, lensing and dynamical effects covering a wide
range of masses; when there are multiple observables produc-
ing constraints on the same monochromatic PBH mass, we
choose the more restrictive ones that span the widest range
of masses, which are the most restrictive for extended mass
distributions. This ensures that our combined constraints
will be complete and contain all relevant observables. For a
set of parameters (M∗, nb), the maximum allowed fraction
of DM in the form of PBHs f , will be the minimum fi from
all considered constraints i.e.
f(M∗, nb) = min(fi). (76)
As a summary, the method to translate constraints
on monochromatic mass distributions to constraints on ex-
tended mass distributions, described in this section, consid-
ers the following steps, for each monochromatic mass func-
tion constraint:
(i) If the analytic function of f is not given, we obtain
data points from the f plot given in the literature.
(ii) We compute 〈g(M)〉 using Eq. (71).
(iii) We calculate the two corrections CM and Cz given
by Eq. (73) and Eq. (74) respectively, taking into account
the redshift of the observations zi.
(iv) The corrected f is then calculated using Eq. (75).
(v) Once we performed the previous steps for all the
monochromatic mass distribution constraints, the resulting
admitted fraction of DM in PBHs is given by the minimum
fraction obtained Eq. (76).
It is worth to note that the observational constraints
depend on different astrophysical assumptions and most of
them have caveats on the black hole physics. Therefore, it
is important to understand the physics behind each process
which we briefly describe below.
4.2.1 Big bang nucleosynthesis (BBN)
The effect of low mass PBH evaporation on the BBN epoch
has been already studied in several works (Miyama & Sato
1978; Vainer & Naselskii 1977; Zeldovich et al. 1977; Lindley
1980; Keith et al. 2020; Carr et al. 2020). The particles radi-
ated by PBHs could affect the abundance of primordial light
elements, for instance, enhancing the neutron-proton ratio,
hence increasing the helium abundance. Also this radiation
can break the Helium nuclei and decrease the amount of
Deuterium at the moment of BBN. Here, we consider the
measurements of the primordial mass fraction Y , the ratio
D/H, 6Li/7Li, 3He/D which impose bounds on the β pa-
rameter presented by Carr et al. (2010). This parameter is
defined as the fraction of energy density in the form of PBHs
at their formation time and is given by
β(M) =
ρPBH(ai)
ρtotal(ai)
. (77)
This parameter is associated to the current density pa-
rameter of non evaporated PBHs and therefore, related to
f(M) as
f(M) ≈ 3.81 × 108β′(M)
(
M
M
)−1/2
, (78)
where β′(M) ∝ β(M). This expression is given by equation
(55) in (Carr et al. 2020).
To compute our effective f we consider a redshift z =
1× 1010 for these constraints.
4.2.2 Extragalactic γ-ray background
A primordial black hole with mass M can emit thermal
radiation through the Hawking radiation mechanism. The
emission rate for particles with spin s in the range of en-
ergies [E,E + dE] has been calculated by many authors
(MacGibbon & Webber 1990; MacGibbon 1991; Carr et al.
2016a). This phenomenon can be used to constrain the frac-
tion of PBHs by confronting the theoretical spectrum of ra-
diation (photons) emitted from PBHs with observations, for
instance, the diffuse extragalactic γ-ray background (EGB).
Different experiments have measured the diffuse EGB in
the energy range 1MeV-1000MeV (see Carr et al. 2020,
and references therein). The observed extragalactic inten-
sity is Iobs ∝ E−(1+), where  parameterizes the spectral
tilt. From this relation, it is possible to estimate the fraction
of PBHs as DM as
f(M)γ . 2× 10−8
(
M
Mγ
)3+
(79)
where M > Mγ , Mγ ∼ 5 × 1014g (∼ 2.51 × 10−19M)
and  takes a value between (0.1, 0.4). For this constraint,
we assume a redshift z = 1160, a minimum mass Mmin =
2.52× 10−19M, Mmax = 6.4× 10−17M and  = 0.2. Ad-
ditionally, we consider the constraint on f when M < Mγ
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in the interval ∼ 1.3×10−20M < M < 2.51×10−19M by
taking data points from the f plot by Carr et al. (2020).
4.2.3 Lensing constraints: MACHOS, EROS, OGLE
Microlensing is the effect of an amplification of a back-
ground source during a short period of time produced by
the passage of a compact object close to its line of sight.
Paczynski (1986) suggested that a population of objects pro-
ducing this effect could be detected within the Milky Way
halo. Each microlensing event will occur when a compact
object goes through what is called the microlensing “tube”
which is directly related to the mass of the object, in our
case, the PBH. The observable for this constraint is the
number of observed events and, this is in turn related to
the number density distribution as a function of mass, i.e.,
the mass function of the objects (Griest 1991; De Rújula
et al. 1991). The microlensing of stars in the Magellanic
clouds by massive compact halo objects (MACHOs) has
been used to test the fraction of DM as PBHs (Paczyn-
ski 1986) in the range ∼ 10−8M < M < 60M. Other
campaigns to search lensing events of sources in the Mag-
ellanic clouds due to MACHOs are the EROS (Hamadache
et al. 2006; Tisserand et al. 2007) and OGLE (Wyrzykowski
et al. 2011) experiments. For these constraints we compute
〈g (M)〉 from the f(M) functional form of the curve plot-
ted in Carr et al. (2016b, 2020). The range of masses that
can be constrained are 5.8 × 10−8M . M . 5M and
1.8 × 10−7M . M . 0.3M for EROS and OGLE mea-
surements, respectively. All these constraints are at redshfit
z = 0.
4.2.4 Neutron star capture
Another constraint on the fraction of DM as PBHs is ob-
tained from their capture by neutron stars in environments
with high density, such as, the core of globular clusters. If
a neutron star captures a PBH it can be disrupted by ac-
cretion of its material onto the PBH. Thus, the observed
abundance of neutron stars imposes constraints on f at a
certain range of masses. The f(M) function encoding the
physics of the capture probability by neutron stars is given
by
fNS(M) =
M
4.7× 1024g
(
1− exp
(
− M
2.9× 1023g
))−1
,
(80)
where we have adopted the same values as Capela et al.
(2013). Notice that this constraint is valid in the mass range
1.25× 10−15M < M < 5× 10−9M at z = 0
4.2.5 X-ray binaries.
We know that there is a possibility that a PBH can accrete
baryonic matter from the interstellar medium (ISM), form-
ing an accretion disk which can radiate. Inoue & Kusenko
(2017, see also Carr et al. 2020) considered that a PBH can
accrete material through the Bondi-Hoyle-Lyttleton accre-
tion. In this approach, the mass accreted onto a PBH can
be converted in radiation, associated to a luminosity L, and
hence, the number of accreting PBHs, emitting a luminos-
ity Lx (in X-rays), can be estimated. Indeed, the luminosity
function of X-ray binaries (XRB) restricts the maximum X-
ray output and hence, the number of accreting PBHs. This
luminosity function has been obtained using Chandra obser-
vations (see for instance Mineo et al. 2012), with Lx span-
ning the range 1035 − 1041erg s−1, implying constraints on
PBH with masses ∼ 5.7M − 2× 107M.
We translate this into our method by extracting data
points from the fXRB(M) curve presented by Inoue &
Kusenko (2017); Carr et al. (2020). This constraint applies
to redshift z = 0.
4.2.6 Disruption of globular clusters and galaxies
Another important constraint comes from PBH dynamical
effects on astrophysical systems like globular clusters (GC)
and galaxies (G, Carr & Sakellariadou 1999). A passing PBH
could disrupt a GC due to tidal forces, thus the GC survival
imposes the following bound on f
fGC(M) =
{
( M
3×104M )
−1 3× 104M < M < 106M,
0.03 106M < M < 1011M,
(81)
which is relevant at z = 0. Besides individual PBHs, hypo-
thetical clumps could also disrupt galaxies in clusters, re-
sulting in an additional bound on f given by
fG(M) =
{
( M
7×109M )
−1 7× 109M < M < 1011M,
0.05 1011M < M < 1013M,
(82)
where this is relevant at z = 1.
4.2.7 Disk heating
PBH encounters with (mainly old) disk stars could be re-
sponsible for disk heating in galaxies (Carr & Sakellariadou
1999; Carr et al. 2020). This dynamical effect is translated
into a restriction on f for high mass PBHs as
fDH(M) =
{
( M
3×106M )
−1 3× 106M < M < 3× 109M,
M
Mhalo
3× 109M < M < Mhalo,
(83)
where a halo mass, Mhalo, of 3× 1012M is assumed and it
is considered to be important at redshift z = 1.
4.2.8 Cosmic microwave background dipole
Under the assumption that there are supermassive PBHs in
the intergalactic medium, they can induce peculiar velocities
on galaxies due to gravitational interaction. The peculiar
velocity of the Milky Way can be measured from the cosmic
microwave background (CMB) dipole and used to constrain
the fraction of this population of PBHs (Carr et al. 2020).
The resulting constraint on f gives
fCMB(M) =
(
M
5× 1015M
)−1/2(
t0
1010yr
)−3/2
Ω−0.9m0 h
−2,
(84)
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where t0 is the age of the Universe, Ωm0 is the matter den-
sity parameter and, h is the dimensionless normalized Hub-
ble constant. Even though the CMB radiation originates at
z ∼ 1100, this effect is measured locally, implying that the
relevant redshift is z = 0. This effect gives constraints on
PBHs with masses between ∼ 7× 1016M and 1× 1022M.
Although we have considered this limit, we will explore
the M∗ parameter up to 1015M, meaning that it is very
unlikely to find PBHs within the mass regime of this process
and hence, we do not expect to obtain an f(M) bound from
this constraint.
In Table 1 we summarize these physical effects and the
corresponding PBH masses that each one constrains, along
with the relevant redshift, the mass of the PBH that evap-
orates at that time Mev(z) and references to the full details
of these effects.
5 COMBINED CONSTRAINTS ON
EXTENDED PBH MASS FUNCTIONS
To investigate whether PBHs under the HC and FCT for-
mation scenarios can constitute all the dark matter in the
Universe we confront different realizations for the mass
functions with observational constraints at different mass
regimes, mentioned in the previous section. As mentioned
above, we assume fiducial values ns = 0.9649, kpiv =
10 Mpc−1, and fm = 1 in the HC (Eq. 57) and FCT (Eq.
44) mass distributions, leaving as free parameters the blue
index nb and M∗.6 Each realization of the mass function
will have a different pair (nb, M∗) spanning the intervals
nb ∈ [1.1, 4.0] and M∗ ∈ [10−30M, 1015M] in a grid of 50
points for each parameter.
For all the realizations, we compute the constraint on
fSMBH (Eq. 70), as explained above. Additionally, we employ
the method described in (§4.2) for obtaining the correspond-
ing constraint on fi for each process described in the same
section.
Figure 11 (top panel) shows the resulting level contours
for the maximum allowed fraction f of DM in PBHs ob-
tained by combining monochromatic constraints (Eq. 76)
and the constraint provided by SMBHs. The colors corre-
spond to contours on f for values between 10−24 and 1.
We present this as a function of the slope n of the PBH
mass functions (bottom axis), nb (top axis) and M∗. The
left and right panels show the HC and FCT scenarios, re-
spectively. In the HC panel, the grey dashed contours rep-
resent the values of the average mass 〈M〉PBH (Eq. 25) of
the PBH distributions with values from 10−18M to 1M
from the bottom to the top, respectively. In the FCT panel,
the grey dashed contours represent the values of the number
density nPBH (Eq. 23) with values from ' 4 × 1028Mpc−3
to ' 4 × 1010Mpc−3 from bottom to top, respectively. In
both panels, the hatched region at low characteristic masses
(M∗ . 10−21M), is excluded since in this range of pa-
rameters all PBHs have evaporated by the present time and
hence, cannot account for the DM we see today. As can be
seen, a large fraction of the parameter space is restricted to
6 It is worth to note that our first choice on fm implies that only
a fraction of regions with an overdensity higher than δc will form
a PBH.
f < 1. However, the red contours that correspond to f = 1
enclose regions (white) where it is possible to have the DM
composed entirely by PBHs, i.e., f > 1. The are two al-
lowed regions in the HC scenario, one of them roughly at
M∗ ∼ 102M, with nb from ∼ 2.3 to 4. The other region
corresponds to M∗ ∼ 10−7M and nb > 3.6. In the FCT
scenario, there are three allowed regions where f = 1. The
first two regions are located at M∗ ∼ 102M and nb in the
ranges [1.1, 1.7] and [2.2, 4.0] respectively. The third region
spans all the nb range for M∗ ∼ 10−7M. Table 2 gives rep-
resentative (nb,M∗) values in such regions. There is also an
allowed region in FCT for M∗ > 1012M, but this region
is discarded when considering the Poisson contribution to
the power spectrum of density fluctuations (Padilla et al.,
in preparation).
An interesting feature is that the level contours exhibit
a continuity in the mass function slope from n ∼ −1.9 to
−0.9. In the HC scenario, the top dotted lines correspond
to a pivot mass Mpiv = 8.9 × 1012M when fm = 1. The
hatched region for M∗ > Mpiv shows there are no HC mass
functions defined there.
Regarding fm, we also perform an iterative procedure
to estimate the minimum fm value for which all overdensi-
ties with δ > δc form a PBH. As an initial guess for fm, we
propose ΩDM (afct) in FCT, and ΩDM (ahc) in HC. By con-
sidering these fm values in the mass distributions, we recal-
culate their correct normalization An. This iterative process
converges after a few iterations in FCT and we obtain fm ∼
5.8 × 10−23 resulting in Mpiv∼ ∼ 3.45 × 1010M which is
shown in the black dashed line in the FCT panel. In HC, the
iterative algorithm has a higher computational cost converg-
ing after up to 20 iterations, obtaining fm ∼ 10−3 − 10−5.
From this minimum fm test, we estimate the maximum ef-
fective log10(M∗/M) ∼ 8.8− 9.8 in the nb range implying
Mpiv ∼ 7.78 × 108M − 1.2 × 1010M. The black dashed
line in the HC panel shows this maximum M∗.
The bottom panel of Figure 11 shows the envelope con-
tours in the n,M∗ parameter space when we join the observ-
ables used to constrain f in ranges of low (L), medium (M)
and high (H) PBH masses. We have considered as low mass
constraints those from BBN and extragalactic gamma rays,
and medium mass constraints those from lensing and NS. As
high mass constraints we have considered the SMBH mass
function, and X-ray binaries, disruption of globular clusters
and galaxies, and disk heating. These contours confirm that
there are regions where all DM can be composed by PBHS.
7
6 CONCLUSIONS
In this paper we investigated the possibility that primordial
black holes could be the nature of the dark matter in the
Universe. These PBHs could be formed under two mecha-
nisms dubbed fixed conformal time and horizon crossing. In
the first one, the PBHs are formed roughly at the same time
in the very-early universe (for example, right after inflation
or during re-heating). In the horizon crossing scenario, the
7 The small white regions outside the red lines are due to numer-
ical noise.
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Figure 11. Top panel: level contours for the fraction of PBHs as DM in HC (left panel) and FCT (right panel) for different values of
the slope of the mass function and the characteristic mass M∗. The upper secondary axis gives the values for the blue index nb. The red
lines correspond to f = 1 and the allowed areas are represented in white. The grey dashed contours in the HC and FCT panels represent
the values of the average mass 〈M〉PBH (Eq. 25) and the number density nPBH (Eq. 23) of the PBH distributions, respectively. Bottom
panel: envelope of the level contours for the union of the observations in ranges of low (L), medium (M) and high (H) masses. The
hatched region for M∗ . 10−21M is excluded since those mass functions predict that all of the PBHs have evaporated by the present
time. In the HC scenario, the top dotted lines correspond to Mpiv = 8.9 × 1012M when fm = 1. The hatched region for M∗ > Mpiv
shows there are no HC mass functions defined there. The black dashed line in both scenarios show Mpiv for the minimum f < 1.
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Table 1. Summary of all the constraints considered in this work. We include the respective mass regimes where they apply and the
corresponding redshift for each one, along with the mass of the PBH that ends its evaporation at that redshift Mev(z). Also, the last
column shows references which explain these constraints in more detail.
Constraint Mass Regime Redshift log10
(
Mev(z)
M
)
References
Big Bang Nucleosynthesis −24.3 < log10
(
M
M
)
< −19.8 ∼ 1010 −25.1 Zeldovich et al. (1977); Carr et al.
(2010)
Extragalactic γ-ray Background −18.6 < log10
(
M
M
)
< −16.2 1160 −20.6 Carr et al. (2016a)
Neutron Star Capture −14.9 < log10
(
M
M
)
< −8.3 0 −19.1 Capela et al. (2013)
MACHOS −8 . log10
(
M
M
)
< 1.8 0 −19.1 Paczynski (1986)
EROS −7.2 . log10
(
M
M
)
< 0.7 0 −19.1 Hamadache et al. (2006); Tis-
serand et al. (2007)
OGLE −6.7 . log10
(
M
M
)
< −0.5 0 −19.1 Wyrzykowski et al. (2011)
X-ray binaries 0.8 . log10
(
M
M
)
. 7.3 0 −19.1 Inoue & Kusenko (2017); Carr
et al. (2020)
Globular Cluster Disruption 4.5 < log10
(
M
M
)
< 11 0 −19.1 Carr & Sakellariadou (1999)
Galaxy Disruption 9.8 < log10
(
M
M
)
< 13 1 −19.2 Carr & Sakellariadou (1999)
Disk Heating 6.5 < log10
(
M
M
)
< 12.5 1 −19.2 Carr & Sakellariadou (1999); Carr
et al. (2020)
CMB Dipole 16.8 . log10
(
M
M
)
. 22 0 −19.1 Carr et al. (2020)
Table 2. Characteristic mass (M∗) and blue index (nb) values
where all DM can be composed by PBHs, i.e. f = 1.
nb M∗[M] δc
HC
3.0 1.39× 102 1.26× 10−8
3.8 9.1× 10−8 4.6
FCT
1.5 1.39× 102 1.29× 10−12
3.5 1.39× 102 2.71× 10−7
2.0 9.1× 10−8 5.42× 10−9
PBHs are formed when their fluctuation sizes are equal to
the Hubble radius, i.e., at horizon re-entry. We constructed
the mass function under both paradigms of formation fol-
lowing the Press-Schechter formalism. We considered two
primordial power spectra, the standard and a broken power
law with two spectral indices, such that at a pivot scale the
spectrum becomes blue, i.e. n > 1. We compute the mass
functions in terms of two free parameters, the blue index
and the threshold density for collapse which is encoded in
the M∗ parameter. We notice that there are values for δc
and M∗ for which the FCT and HC mass function are very
similar.
To restrict these parameters we introduce a new con-
straint for extended PBH mass distribution employing the
SMBH mass function, which imposes strong constraints for
the high characteristic masses ofM∗ > 1010M. In addition,
we used several observational constraints at different mass
ranges coming from monochromatic PBH mass functions.
We introduce a new approach to apply these monochro-
matic constraints to extended mass distributions through
an output function g(M) encoding the underlying process
for each observable such that the resulting allowed fraction
is the inverse of the output i.e. f ∼ 1/g(M) (see section 4.2).
Moreover, we consider two new corrections to the PBH mass
fraction f , which take into account the fraction of the mass
that is constrained by any particular physical process (CM )
and the redshift evolution of the mass function (Cz). We
only consider PBHs such that they exist (e.g., not evapo-
rated at the relevant redshift) within the causal volume. By
using this formalism, we obtain that the bounds obtained
in monochromatic mass function are weaker when they are
translated to extended mass distributions. To obtain the fi-
nal (and most restrictive) constraints on the free parame-
ters M∗ and nb we compute the maximum allowed fraction
as the minimum one out of all the constraints for that par-
ticular choice of mass function parameters. For both, HC
and FCT mass functions, we obtain that there are poten-
tial regions where all DM can be made of PBHs. In the HC
scenario, these regions roughly correspond to a character-
istic mass M∗ of ∼ 102M with nb from ∼ 2.3 to 4 and
an M∗ of ∼ 10−7M with nb > 3.6. In FCT the fraction
f = 1 is allowed when M∗ ∼ 102M for 1.1 < nb < 1.7, or
2.2 < nb < 4.0, and M∗ ∼ 10−7M for all explored values
of nb. It is worth to note, that more stringent bounds on the
characteristic mass M∗ and nb could could be obtained if
more observational constraints are considered. We empha-
size that the region for M∗ ∼ 102 for a wide range of nb is
interesting as it is close to the black hole masses (∼ 30M)
measured by LIGO from the gravitational waves of a binary
black hole merger (Abbott et al. 2016; Jedamzik 2020).
Considering that in the FCT scenario the maximum
mass for a PBH (∼ 1045M) is greater than the horizon
mass at current time (∼ 1024M), the mass functions with
high values of M∗ can lead to cumulative mass functions
where the number density of the larger PBHs is less than
one per horizon volume. This mass outside of the Horizon
could exist in other regions of the Universe outside the stan-
dard Hubble volume, and it could enter into the horizon at a
future epoch. This interesting feature of extended mass dis-
tributions has not been discussed before to our knowledge.
In summary, we have revisited the PS formalism to con-
struct extended PBH mass distributions under two forma-
tion scenarios (i.e., FCT and HC as explained in section 2).
In constructing the mass function using the PS formalism,
MNRAS 000, 1–22 (2015)
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we have considered a broken power-law primordial power
spectrum with a blue index for small scales. We found re-
gions for the mass function parameters which allow all the
DM in the Universe to be made of PBHs. We encourage
further investigation of these models to elucidate the true
nature of dark matter.
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APPENDIX A: FURTHER MATHEMATICAL
DETAILS
Here we give further details of all our analytical expressions
for the mass functions.
A1 Fixed conformal time
A1.1 Standard Power Spectrum
The variance of the density field (19) for the power law spec-
trum (13) results in
σ2(k) = 4piD2(a)
kR∫
0
P (k)k2dk =
4piD2(a)As
kns0
kR∫
0
kns+2dk
=
4piD2(a)As
kns0
kns+3R
ns + 3
, (A1)
where D2(a) = a4fct since afct lies within radiation domina-
tion.
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By substituting the relation of kR in terms of the mass
given by (36), Eq. (A1) can be rewritten as
σ2(M) =
4pi a4fctAs
kns0
Cns+3fct
(ns + 3)
M−
(ns+3)
3 . (A2)
In addition, the ν parameter (17) reads as
ν =
δc
σ(M)
=
δc(ns + 3)
1/2√
4pi a4fct(As/k
ns
0 )C
ns+3
fct
M
ns+3
6 . (A3)
We define a characteristic mass,M∗, such that ν(M∗) =
1, given by
δc(ns + 3)
1/2√
4pi a4fct(As/k
ns
0 )C
ns+3
fct
M
ns+3
6∗ = 1. (A4)
Then, the characteristic mass results in
M∗ =

√
4pi a4fct (As/k
ns
0 )C
ns+3
fct
δc(ns + 3)1/2

6
(ns+3)
. (A5)
The threshold density contrast for PBH formation can be
expressed as
δc =
√
4pi a4fct(As/k
ns
0 )C
ns+3
fct
(ns + 3)1/2M
ns+3
6∗
. (A6)
We can rewrite the Eq. (A3) in terms of M∗ as ν =(
M
M∗
)ns+3
6 and its derivative with respect to M results as
dν
dM
=
ns+ 3
6
1
M∗
(
M
M∗
)ns−3
6
, (A7)
(
dn
dM
)std
fct
=
ρDM (a)√
2pi
ns+ 3
3
1
M2
(
M
M∗
)ns+3
6
× exp
[
−1
2
(
M
M∗
)ns+3
3
]
.
(A8)
A1.2 Broken Power Spectrum
The variance of the density field σ2(M), in this scenario is
obtained substituting Eq. (14) into the definition in Eq. (19).
This reads as
σ2(M) =
4piD2(a)As
kns0
 kpiv∫
0
kns+2dk +
kR∫
kpiv
k
ns−nb
piv k
nb+2dk
 ,
(A9)
whereD2(a) = a4fct. Integrating the last equation, we obtain
σ2(M) = 4piD
2(a)As
k
ns
0
 kns+3
ns+3
∣∣∣∣∣
kpiv
0
+ k
ns−nb
piv
knb+3
nb+3
∣∣∣∣∣
kR
kpiv
 ,
=
4pi a4fct As
k
ns
0
[
k
ns+3
piv
ns+3
+ k
ns−nb
piv
(
k
nb+3
R
nb+3
− k
nb+3
piv
nb+3
)]
,
=
4pi a4fct As
k
ns
0
k
ns−nb
piv
[
(nb−ns)k
nb+3
piv +(ns+3)k
nb+3
R
(ns+3)(nb+3)
]
.(A10)
We substitute kR as given by Eq. (36), then Eq. (A10)
results in
σ2(M) = Apiv
(
S1 + S2M
− (nb+3)
3
)
, (A11)
where we included the definitions of Apiv, S1 and S2 given
by Eqs. (41) and (42), respectively. Furthermore, ν(M) (Eq.
17) in this scenario reads as
ν(M) =
δc[
Apiv
(
S1 + S2M
− (nb+3)
3
)]1/2 . (A12)
By defining a characteristic massM∗ as the mass which
satisfies ν(M∗) = 1, we have
1 =
δc[
Apiv
(
S1 + S2M
− (nb+3)
3∗
)]1/2 , (A13)
where M∗ is then computed as
M∗ ≡
(
δ2c
Apiv S2
− S1
S2
)nb+3
3
, (A14)
and δc is given by
δc =
[
Apiv
(
S1 + S2M
− (nb+3)
3∗
)]1/2
. (A15)
With the definitions in Eqs. (A14) and (A15) we rewrite
(A12) as
ν(M) =
S1 + S2M− (nb+3)3∗
S1 + S2M
− (nb+3)
3
1/2 , (A16)
and its derivative with respect to M , results in
dν
dM
=
S2(nb + 3)
6M
(nb+6)
3
(
S1 + S2M
− (nb+3)
3∗
)1/2
(
S1 + S2M
− (nb+3)
3
)3/2 . (A17)
Replacing Eqs. (A16) and (A17) in Eqs. (18) and (16),
we obtain the PBH mass function for this scenario
(
dn
dM
)brk
fct
=
(nb + 3)S2
3M
(nb+9)
3
ρDM(a)√
2pi
(
S1 + S2M
− (nb+3)
3∗
)1/2
(
S1 + S2M
− (nb+3)
3
)3/2
× exp
−1
2
S1 + S2M
− (nb+3)
3∗
S1 + S2M
− (nb+3)
3
 . (A18)
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A2 Horizon Crossing
A2.1 Standard Power Spectrum
In this scenario, σ(k) is given by Eq. (A1), were D2(a) = a4hc
and ahc is given by Eq. (48). Replacing kR by the definition
given in Eq. (49), we have
σ2(M) =
4pi As
kns0
(
2GH0
√
Ωr,0
c3 fm
)2
Cns+3hc
ns + 3
M
1−ns
2
=
4pi As
kns0
(
G
pi c2 fm
)4 Cns+7hc
ns + 3
M
1−ns
2 . (A19)
With Eq. (A19), ν(M) is expressed as
ν(M) = δc
(
kns0 (ns + 3)
4pi As C
ns+7
hc
)1/2(
pi c2 fm
G
)2
M
ns−1
4 , (A20)
whereM∗ is obtained by defining ν(M∗) = 1 and solving for
M∗. This results in
1 = δc
(
kns0 (ns + 3)
4pi As C
ns+7
hc
)1/2(
pi c2 fm
G
)2
M
ns−1
4∗ , (A21)
then
M∗ =
[√
4pi (As/k
ns
0 )
δc
√
ns + 3
(
G
pi c2 fm
)2
C
ns+7
2
hc
] 4
ns−1
. (A22)
We can solve δc as a function of M∗ from Eq. (A22) as
δc =
(
4pi As C
ns+7
hc
kns0 (ns + 3)
)1/2(
G
pi c2 fm
)2
M
1−ns
4∗ , (A23)
and replacing this result in Eq. (A20) we can rewrite ν(M)
as
ν(M) =
(
M
M∗
)ns−1
4
. (A24)
Then, the derivative of ν(M) with respect toM is given
by
dν
dM
=
ns − 1
4
1
M∗
(
M
M∗
)ns−5
4
. (A25)
By replacing these results in Eqs. (18) and (16) we ob-
tain
(
dn
dM
)std
hc
=
ρDM (a)√
2pi
(ns − 1)
2M2
(
M∗
M
) 1−ns
4
× exp
(
−1
2
(
M∗
M
) 1−ns
2
)
. (A26)
A2.2 Broken Power Spectrum
Here, σ(k) is given by Eq. (A10). We follow the same pro-
cedure as before, obtaining
σ2hc(M) = A
′
piv
[
S
′
1M
2 + S
′
2M
(1−nb)
2
]
, (A27)
where we used A
′
piv, S
′
1 and S
′
2 given by Eqs. (54) and (55)
respectively. ν(M) is then given by
ν(M) =
δc√
A
′
piv
[
S
′
1M
2 + S
′
2M
(1−nb)
2
]1/2 . (A28)
With this, we define M∗ (satisfying ν(M∗) = 1) trough
δ2c = A
′
piv
[
S
′
1M
2
∗ + S
′
2M
(1−nb)
2∗
]
, (A29)
which must be solved numerically. Then, we write Eq. (A28)
in terms of M∗ as
ν(M) =
S′1M2∗ + S′2M (1−nb)2∗
S
′
1M
2 + S
′
2M
(1−nb)
2
1/2 , (A30)
and its derivative with respect to M reads
dν
dM
=
[(
nb−1
2
)
S
′
2M
1−nb
2 − 2S′1M
]
2
×
(
S
′
1M
2
∗ + S
′
2M
(1−nb)
2∗
)1/2
(
S
′
1M
2 + S
′
2M
(1−nb)
2
)3/2 . (A31)
Using these results, we obtain
(
dn
dM
)brk
hc
=
ρDM (a)√
2pi
[(
nb−1
2
)
S
′
2M
1−nb
2 − 2S′1M
]
2
×
(
S
′
1M
2
∗ + S
′
2M
(1−nb)
2∗
)1/2
(
S
′
1M
2 + S
′
2M
(1−nb)
2
)3/2
× exp
−12
(
S
′
1M
2
∗ + S
′
2M
(1−nb)
2∗
)
(
S
′
1M
2 + S
′
2M
(1−nb)
2
)
. (A32)
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